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We study numerically the structure of a vortex lattice in two-component Bose-Einstein conden-
sates with equal atomic masses and equal intra- and inter-component coupling strengths. The
numerical simulations of the Gross-Pitaevskii equation show that the quantized vortices form uncer-
tain lattice configurations accompanying the vortex stripes, honeycomb lattices, and their complexes.
This is a result of the degeneracy of the system for the SU(2) symmetric operation, which makes a
continuous transformation between the above structures. In terms of the pseudospin representation,
the complex lattice structures are identified to a hexagonal lattice of doubly-winding half-skyrmions.
PACS numbers: 03.75.Lm, 03.75.Mn,
I. INTRODUCTION
Quantized vortices are the basic constituents of super-
fluid hydrodynamics, having a definite quantized circu-
lation. When a superfluid is subject to an external rota-
tion, the superfluid forms a lattice of quantized vortices,
creating rigid-body rotation. In usual superfluids with
the scaler order parameter, the vortices form a triangu-
lar Abrikosov lattice [1]. Conversely, for unusual super-
fluids characterized by, e.g., multiple order parameters,
a rich variety of vortex lattice structures can emerge, be-
cause the vortices in such superfluids have an complex
core structure and there are multiple scales of interac-
tions between them [2].
Multicomponent superfluids have been realized by cold
atomic Bose-Einstein condensates (BECs) [3], and the
vortex structures have been studied very well [4]. The
observation of vortex lattices in rotating multicomponent
BECs has been reported in Ref. [5]. It has been known
that rotating two-component BECs have a rich vortex
lattice structure, which is particularly dependent on the
intercomponent interaction [6–17]. In cold atom experi-
ments, the intercomponent interaction may be considered
as a tunable parameter [18, 19]. In the absence of inter-
component interaction, the two condensates behave inde-
pendently and the vortex lattice then forms a triangular
lattice, as in conventional scalar condensates. When the
intercomponent coupling is positively increased, the re-
pulsive interaction between two components displaces the
lattice locations, thereby decreasing the overlapping of
the condensate densities. Then, the triangular lattice de-
forms into an interlaced square lattice. A further increase
of intercomponent repulsion induces the phase separa-
tion of the two components. Subsequently, the periodic
structure of the vortex lattice transforms into interwoven
vortex sheets [7, 20]. Alternatively, one can consider the
attractive force between two components by decreasing
the intercomponent coupling to a negative value. Then,
the location of the vortices is locked to the same position
[6, 8, 13].
It is noticeable that, when the all intercomponent and
intracomponent couplings are equivalent, with the hamil-
tonian having an exact SU(2) symmetry, one peculiar
structure of the vortex lattice appears, namely, honey-
comb and double-core lattices. This has been observed
in numerical simulations of the coupled Gross-Pitaevskii
(GP) equations [7, 10] and Monte-Carlo simulation of
similar models [21]. Conversely, the theoretical analy-
sis based on the lowest Landau level approximation has
predicted that the vortex stripe, the alternating rows of
vortices in each component, is the stable structure [6].
So far, there is no theoretical interpretation of the prob-
lem of what are true stable structures in this situation.
In this paper, we demonstrate that both the stripe and
the honeycomb lattice are true stable structures of fast
rotating two-component BECs with an SU(2) symmetry.
We find that these structures are connected through the
global SU(2) rotation and identical to a lattice of doubly-
winding half-skyrmions in the pseudospin picture.
This paper is organized as follows. After introducing
the theoretical formulation in Sec. II A, we first provide
some numerical evidence of the vortex lattice structures
in Sec. II B. Following this numerical observation, we at-
tempt to explain the mechanism of why the honeycomb
lattice structure appears in two-component BECs.
II. VORTEX STATES IN ROTATING
TWO-COMPONENT BECS
After introducing the theoretical formulation for de-
scribing the two-component BECs, we provide a brief
account of the vortex lattice structures in this system
through a numerical simulation of the GP equations.
A. Coupled Gross-Pitaevskii equations
The equilibrium solutions of vortex states in rotating
two-component BECs can be obtained by a minimization
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2of the GP energy functional
E[Ψ1,Ψ2] =
∫
dr
∑
i=1,2
Ψ∗i
(
hˆi − ΩLˆz
)
Ψi + Eint (1)
Eint =
∫
dr
(g1
2
|Ψ1|4 + g2
2
|Ψ2|4 + g12|Ψ1|2|Ψ2|2
)
(2)
in a rotating frame with a rotation frequency of Ω = Ωzˆ.
Here, hˆi = −~2∇2/(2mi) + V iext(r) is a single-particle
hamiltonian, mi is the atomic mass of the i-th compo-
nent (i = 1, 2), and the interaction strengths are given
as gi = 4pi~2ai/mi and g12 = 2pi~2a12/m12 with the
intra- and inter-component s-wave scattering lengths ai
and a12 and the reduced mass m
−1
12 = m
−1
1 + m
−1
2 . To
discuss the lattice structure, it is enough to confine our-
selves to analyzing the equation in a two-dimensional
(2D) x-y plane. To scale the equation, we introduce
the length and time scales of the trapping potential
V iext = miω
2
i r
2/2 as aho =
√
~/2m12ω¯ and ω¯−1, re-
spectively, with ω¯ = (ω1 + ω2)/2. In a 2D system, the
wave function is normalized by the particle number N2Di
(i = 1, 2) in 2D as Ψi →
√
N2Di Ψi/aho. We then obtain
the dimensionless GP equation:[
−m12
m1
∇2 + V˜1 + C11|Ψ1|2 + C12|Ψ2|2 − Ω˜Lz
]
Ψ1 = µ1Ψ1,
(3)[
−m12
m2
∇2 + V˜2 + C22|Ψ2|2 + C21|Ψ1|2 − Ω˜Lz
]
Ψ2 = µ2Ψ2.
(4)
Here, the rotation frequency is Ω˜ = Ω/ω¯, and the trap-
ping potential is V˜i =
1
4
mi
m12
ω2i
ω¯2 (x
2 +y2). The interatomic
interactions for the intra- and inter-component are writ-
ten as:
Cii = 8pi
m12
mi
N2Di ai, Cij = 4piN
2D
j a12 (i 6= j), (5)
where the s-wave scattering length is confined to be pos-
itive. Given that the particle number of each component
is conserved, the chemical potential µi is determined by
a normalization of the wave function
∫
dxdy|Ψi|2 = 1.
B. Vortex lattice phase: numerical study
Here, we briefly mention the properties of vortex lat-
tices in rotating two-component BECs. In this study, our
interest is focused on the vortex states when the hamil-
tonian has an exact SU(2) symmetry. Thus, we confine
ourselves to the parameters m1 = m2 = m, ω1 = ω2 = ω,
N2D1 = N
2D
2 = N , and C11 = C22 = C > 0. Fixing
C = 4000, we search the equilibrium solutions of Eqs. (3)
and (4) by changing Ω˜ as well as δ = C12/C in the vicin-
ity of unity.
Even for Ω˜ = 0 the equilibrium solutions of Eqs. (3)
and (4) exhibit a rich variety of structures, depending on
the various parameters of the system [4]. A salient fea-
ture is the occurrence of phase separation. In our param-
eter setting, the two components are miscible for δ < 1
and immiscible for δ > 1.
The properties of the vortex phases are also different
for these two situations. In the miscible regime, the vor-
tices form an interlaced triangular or square lattice de-
pending on the ratio of the coupling strengths δ and the
rotation frequency Ω˜. The triangular lattice is a con-
ventional lattice structure seen in rotating superfluids
and type-II superconductors under a magnetic field, but
the square lattice is an exotic structure in multicompo-
nent superfluids. The transition of the lattice structure
in two-component BECs has been discussed theoretically
by using variational analysis based on the lowest Lan-
dau level expansion [6] and the argument based on the
vortex-vortex interaction [12]. In the immiscible regime,
the phase separation favors the formation of vortex sheets
or rotating droplets when the condensates are subject
to external rotation [20]. These behaviors can be un-
derstood through the ferromagnetic or antiferromagnetic
nature of the interactions between coreless vortices [4].
Our focus is the vortex lattice structure at the bound-
ary between the miscible and immiscible regimes. This
situation is approximately realized in the experiments of
two-component BECs with 87Rb atoms [22].
We first show the numerical results of the vortex lat-
tice in two-component BECs around δ = 1. Using the
imaginary time propagation of the time-dependent ver-
sion of the Eqs. (3) and (4), we calculate the equilibrium
solutions. We confirm the sufficient convergence of cer-
tain quantities such as the total energy of the system.
We conducted the simulations for several values of Ω˜, δ,
and initial trial functions with the Gaussian form. The
typical examples of the obtained structures are shown in
Fig. 1. As mentioned, the clear square lattice [Fig. 1(a)]
and vortex sheet structure [Fig. 1(c)] appear for δ . 1
and δ & 1, respectively. For δ = 1, the vortex lattice
exhibits more complicated form as shown in Fig. 1(b).
For the Ψ2-component, a clear structure of the honey-
comb structure can be seen. For the Ψ1-component, the
two vortex cores are closely approached at the cells of
the honeycomb created by the Ψ2-vortices. Thus, this
structure has been referred to as a “double-core lattice”
[7]. This indicates that the symmetry of the solutions is
spontaneously broken because the inter-distance of the
vortex core in each component is different, even for our
symmetric parameter setting.
Throughout the numerical simulations starting from
various initial conditions, we can observe various
metastable configurations of the vortex lattices in ad-
dition to Fig. 1(b). The typical one is a stripe structure,
where vortices in each component align rows alternately
(like those shown in Fig. 2). The vortex stripe structure
was predicted by Mueller and Ho as the stable lattice
state for δ = 1 [6]. However, the perfect periodicity of
the ansatz cannot describe the honeycomb lattice char-
acterized by different periodicities as shown in Fig. 1(b).
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FIG. 1. (Color online) The density profile |Ψ1|2 (left) and
|Ψ2|2 (right) of the equilibrium solutions of Eqs. (3) and (4)
for C = 4000, Ω˜ = 0.8, and (a) δ = 0.9, (b) δ = 1.0, and (c)
δ = 1.1.
In other cases, some defects remain in the honeycomb
lattice, which decays very slowly during the imaginary
time propagation. For example, there appears a domain
wall separating two configurations with a honeycomb lat-
tice and a double-core lattice with different inter-vortex
distances.
Next, in order to observe the stability of the
honeycomb–double-core lattice, we start the imagi-
nary time propagation from the solution of Fig. 1(b)
and change δ slightly from unity. We find that the
honeycomb–double-core lattice is deformed to the stripe
structure, as shown in Fig. 2, for |δ−1| ≥ 0.005. This re-
sult indicates that the lattice structure is consistent with
the prediction of Ref. [6] except for δ = 1. Therefore,
the appearance of the honeycomb–double-core lattice is
peculiar to the solution only for δ = 1.
III. VORTEX LATTICE STRUCTURE
THROUGH SU(2) TRANSFORMATION
According to the numerical simulation, the vortex lat-
tice structure is anomalous only for δ = 1, where the
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FIG. 2. (Color online) The density profile |Ψ1|2 (left) and
|Ψ2|2 (right) of the equilibrium solutions of Eqs. (3) and (4)
for C = 4000, Ω˜ = 0.8. (a) for δ = 0.995 and (b) for δ =
1.005. The initial condition of the imaginary time evolution
corresponds to the solution of Fig. 1(b).
coupling constants are equivalent as g1 = g2 = g12.
Then, the two component system in our case has an exact
SU(2) symmetry, This is because the interaction energy
of Eq. (2) can be simply written as: Eint = (g/2)
∫
drn2T
with the total density nT = |Ψ1|2 + |Ψ2|2. Then, the
energy is invariant under the global SU(2) symmetric op-
eration
SU(2) = e−iγσˆz/2e−iβσˆy/2e−iασˆz/2
=
(
cos(β/2)e−i(α+γ)/2 − sin(β/2)ei(α−γ)/2
sin(β/2)e−i(α−γ)/2 cos(β/2)ei(α+γ)/2
)
(6)
where σ = (σx, σy, σz) is the Pauli matrix and (α, β, γ)
are the Euler angles. Here, we see that how the vortex
lattice changes through the SU(2) transformation. Given
that the rotation of the angles α and γ only changes the
global phase of the wave function by a constant, this is
not relevant to the lattice structure. Thus, the structural
change of the vortex lattice may occur through the varia-
tion of β, which represents the rotation of the spin space
around the y-axis.
The left panels of Fig. 3 show the change of the lattice
structure through the rotation of β. Here, we start from
the solution of Fig. 1(b) as the state of β = 0. We can see
that the stripe state and the honeycomb–double-core lat-
tice are connected continuously by the pi/4 rotation of β
as shown in Fig. 3(a). For β = pi/2 the structure is similar
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FIG. 3. (Color online) The left panels show the density profile
|Ψ1|2 (top) and |Ψ2|2 (bottom) with the vortex lattice for
δ = 1 through the change of the Euler angle β from that of
Fig. 1(b). The values of β are (a) pi/4, (b) pi/2, (c) 3pi/4, and
(d) pi. The profiles are plotted in the region −17.5 ≤ x, y ≤
17.5. The right panels show the distribution of the spin S(r)
of the corresponding solution in the region −2.5 ≤ x, y ≤ 2.5.
The magnitude of Sz is shown by the color scale. The black
dots represent the points where the topological charge q(r)
vanishes; see Fig. 4(b).
to that in Fig. 1(b), but the pairs of the vortices form-
ing double cores are exchanged with the nearest neigh-
bor ones. For β = 3pi/4 the condensates form a nested
structure consisting of lattices of vortex pairs as seen in
Fig. 3(c), where the polarization of the pairs is almost
perpendicular to the stripes at β = pi/4. With further
increasing β to pi, the structure of Ψ1- and Ψ2-component
is interchanged with that in Fig. 1(b) [Fig. 3(d)]. It is
important to mention that these structures are degen-
erate with respect to the SU(2) transformation. Hence,
one trial of the imaginary time propagation of the GP
equation selects one of the degenerate states. This is
the reason why the numerical calculations yield lots of
metastable configurations.
It is fruitful to see this structural transformation from
the viewpoint of the pseudospin texture. The two-
component BECs can be represented by a two-component
spinor and the local pseudospin of the two-component
system can be defined by S = Ψ†σΨ/nT with Ψ =
(Ψ1,Ψ2)
T [4]. The right panel of Fig. 3 shows the pseu-
dospin profile of the corresponding state for each β. The
spin points out of (into) the page at the vortex center
of Ψ1 (Ψ2), around which the spin direction covers the
north hemisphere (south hemisphere) of the spin space,
e.g., 2pi steradian of the solid angle. This structure is
known as the half-skyrmion (meron). For the vortex
stripe (β = pi/4), the pseudospin forms an alternative
array of the half-skyrmions with the spins at the cen-
ter point up and down. Let us see the structure in the
hexagonal cell shown by the dashed line in Fig. 3(a).
There are four cores of the skyrmions where the spins
are pointing into or out of the page. By globally rotat-
ing the spins by pi/4 around the y-axis, there appears
a region with Sz ∼ 1 at the center of the hexagon,
around which the directions of the spins cover the south
hemisphere twice [Fig. 3(b)]. Thus, this structure cor-
responds to the doubly-winding half-skyrmion. Mueller
showed that the doubly-winding half-skyrmion and the
four half-skyrmions are connected through the rotation
of the angle β [23]. This doubly-winding half-skyrmion is
surrounded by the six half-skyrmions. These composites
can be seen as the honeycomb and double-core lattices
in the density profile. With increasing β further, the
doubly-winding half-skyrmion again splits into two half-
skyrmions into the direction perpendicular to the origi-
nal stripe [Fig. 3(c)]. For β = pi [Fig. 3(d)] the doubly-
winding half-skyrmion with Sz = +1 at the core appears
next to the noticing hexagon.
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FIG. 4. (Color online) The profile of the topological charge
density for Ω = 0.8 and (a) δ = 0.9, (b) δ = 1.0, and (c) δ =
1.1, corresponding to the solution of Fig. 1. The topological
charge is calculated within the Thomas-Fermi radius.
We also calculate the profile of the topological charge
density defined by
q(r) =
1
4pi
S ·
(
∂S
∂x
× ∂S
∂y
)
(7)
5In Fig. 4, we plot the profile of the topological charge
corresponding to the solutions of Fig. 1. We can see
the clear structural change between the typical lattice
structures. The stripe and honeycomb–double-core lat-
tice corresponds to the hexagonal lattice of the “holes” of
the topological charge q(r) as shown in Fig. 4(b), which
is clearly distinguished from the square lattice for δ . 1
[Fig. 4(a)] and the vortex sheets for δ & 1 [Fig. 4(c)]. The
hole of q(r) is a clear signature of the doubly-winding
half-skyrmion [23], where the topological charge is dis-
tributed around the skyrmion core. The magnitude of
q(r) in Fig. 4(b) is almost half of that in (a) and (c).
Note that an exact SU(2) symmetry operation is im-
possible in our case, because each particle number of the
two-component BEC must be conserved. The change
of β causes a population transfer between the two com-
ponents. However, the approximate SU(2) operation is
possible because of the presence of the vortices, which
disturbs the spatial phase distribution of the condensate
wave function. This can be seen by the fact that the
norm of the wave function after the SU(2) transforma-
tion Ψ→ Ψ′ can be written as:∫
dr|Ψ′i|2 =
∫
dr
[
cos2
β
2
|Ψi|2 + sin2 β
2
|Ψj |2
∓ 2 cos β
2
sin
β
2
|Ψi||Ψj | cos(θ2 − θ1 − α)
]
.
(8)
If the third term of the right-hand side vanishes, the
SU(2) operation does not change each of the particle
numbers. Now the relative phase θ2−θ1 is not physically
relevant in our case, because there is not Josephson-like
coupling between the two components [14, 17]. However,
the presence of vortices yields the periodic spatial varia-
tion of θ2− θ1, such that the spatial integral of the third
term can vanish approximately. Thus, the spin rotation
of the angle β can be effectively achieved. This is the
reason why the vortex lattice structure is fragile in this
SU(2) symmetrical case. The presence of many vortices
opens the door for the structural change associated with
the SU(2) degeneracy.
IV. SUMMARY AND DISCUSSION
In this paper, we discuss the vortex lattice structure
in rotating two-component BECs with equal intra- and
intercomponent interaction strength. Then, the hamil-
tonian is rendered invariant under the SU(2) operation.
The resulting degeneracy brings forth a rich variety of
configurations of the vortex lattices, where the honey-
comb double-core lattices and stripes can coexist. These
structures can be connected by a continuous global SU(2)
transformation. Thus, the prediction by Mueller and Ho
[6] is valid even at this SU(2) symmetric point.
In the experiments, the approximate SU(2) symmetry
holds for the two-component BECs of 87Rb with the hy-
perfine spins |1,−1〉 and |2, 1〉. In the experiments, the
authors observed that the vortex lattices are fragile in
the early stages of the dynamics before demonstrating
the order of the square structures. Although this rep-
resents the nonequilibrium situation, it might be partly
due to the degeneracy of the system. It is interesting to
observe the stripe or honeycomb–double-core structures
by tuning the coupling strengths to satisfy the SU(2)
symmetry exactly. In other words, the observation of
the fragile structure could be a consequence of the SU(2)
symmetry. In order to see a rigid honeycomb–double-core
structure, further fine tuning of the parameters, such as
the s-wave scattering lengths [18, 19], is necessary to re-
alize the scenario. In addition, our argument would be
useful for discussing the vortex lattices in spinor BECs
characterized by high symmetry groups.
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